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Nomenclature

cp = pressure coefficient
D = uncertainty set
F = flutter matrix
g = nondimensional damping
J = mass moment of inertia
K = stiffness matrix
k = reduced frequency
L = reference length
M = mass matrix
m = mass
P = system matrix
p = eigenvalue
Q = aerodynamic matrix
V = airspeed
w = uncertainty bound
x = center of mass
� = uncertainty matrix
� = uncertainty parameter
� = modal coordinates
� = structured singular value
� = air density

I. Introduction

A RECENT development in the field of aeroelastic analysis
considering model uncertainty is the so-called�-pmethod [1].

The basic principle of the �-p method is to exploit structured-
singular-value (or �) analysis [2] to investigate if the system
uncertainties can make the flutter determinant zero for a given flutter
eigenvalue p. This makes it possible to compute sets of feasible
eigenvalues in the complex plane, that can be used to predict damping
bounds and perform robust flutter analysis. In contrast to previous
formulations based on� analysis [3–5], the�-pmethod thus extends
standard linear flutter analysis [6,7] to take deterministic uncertainty
and variation into account.

In the studies published so far [1,8–10] only complex valued
aerodynamic perturbations have been included in the analysis, which
is known to be a favorable case for � analysis [11]. For this reason,
the primary objective of this study is to investigate what impact

mixed structural/aerodynamic (real/complex) perturbations may
have on the quality of the robust flutter solutions. A generic delta-
wing wind-tunnel model with an external wing-tip store is used for
this purpose, where uncertainties in the aerodynamic and mass
properties are taken into account.

In practice, the structured singular value� has to be estimated by a
computable upper bound, which can lead to some amount of
conservativeness in the analysis (in particular formixed real/complex
uncertainty). In this study, the impact of this approximation is
investigated by comparing exact p-k eigenvalue sets from parameter
variation with eigenvalue sets obtained from�-p analysis. It is found
that the �-p eigenvalue sets closely bound the exact eigenvalue sets
in the complex plane, verifying the accuracy and practical usefulness
of �-p analysis.

II. Test Case

A delta-wing wind-tunnel model, as shown in Fig. 1, is used as a
test case. As described in more detail in [10], the model has a simple
structural design and is made of glass-fiber and carbon-fiber
composite materials. It has a semispan of 0.88 m and mean chord of
0.70m and ismounted vertically in the low-speedwind tunnel L2000
at the Royal Institute of Technology. To allow for investigations of
external store dynamics, the wing is equipped with a pylon and a
missile at the wing tip.

The numerical analysis is based on a NASTRAN [12] model with
shell elements for the wing, mass elements for the missile, and
aerodynamic panels for doublet-lattice aerodynamic loads. The
relatively stiff missile was modeled as a rigid body attached to the
wing tip. Twenty structural modes were used to establish a standard
modal formulation of the flutter problem. To allow for subsequent
�-p analysis in MATLAB [13], the required matrices and other data
were extracted from NASTRAN and stored in a format that could
then be loaded into the MATLAB workspace.

The present configuration of the wind-tunnel model suffers a
5.0 Hz flutter instability in the second aeroelastic mode at about
32:5–33:0 m=s. Because of the simple structural design, a nominal
p-k flutter analysis (without uncertainty) predicts the fairly accurate
values of 5.2 Hz and 32:0 m=s, respectively. By taking aerodynamic
uncertainty into account and performing successivemodel validation
in the test, the robust flutter speed predicted by �-p analysis differs
by less than 1 m=s from the experimental value [10]. The present
study will also take uncertainty in the missile’s mass properties into
account, with the objective to assess the accuracy of the predicted
eigenvalue sets in the complex plane. If the robust eigenvalues can be
computed accurately, so can the robust flutter speed (although the
quality of the robust flutter speed as such depends on the uncertainty
description).

III. Uncertainty Modeling

The development of a suitable aerodynamic uncertainty
description for the present configuration is described in more detail
in [10,14]. The aerodynamic panels in the wing-tip region is divided
into 20 different patches, as shown in Fig. 1b. Within each patch, the
pressure difference coefficients are allowed to vary in a uniform
manner according to �cp � �1�wj�j��cp0, where �cp0 are the
nominal pressure difference coefficients, andwj > 0 is a real-valued
uncertainty bound that scales the complex valued uncertainty
parameter �j such that j�ij � 1. Thus, a bound wj � 0:1 means that
the pressure coefficients in patch j are allowed to vary up to 10% in a
uniform manner. This leads to an uncertain frequency-domain
aerodynamic matrix in the form
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Q�ik; �� �Q0�ik� �
Xnp

j�1
wj�jQj�ik� (1)

where � is the vector of uncertainty parameters, np is the number of
included patches, k is the reduced frequency, Q0�ik� is the nominal
matrix, and Qj�ik� are aerodynamic perturbation matrices that
determine the influence of the different patches.

By introducing uncertainty in the mass properties of the missile, a
similar expression can be derived for the mass matrix. Uncertainty in
three different parameters is considered: the mass m, the pitch
moment of inertia J with respect to the center of mass, and the
location x of the center of mass in the streamwise direction (with
respect to a certain grid point in the model). Similar to the
aerodynamic case, the parameters are allowed to vary according to

m� �1� wm�m�m0 J� �1�wJ�J�J0 x� �1�wx�x�x0
(2)

wherem0, J0 ,and x0 are the nominal parameters, andwi > 0 are real-
valued bounds such that the real-valued uncertainty parameters
�i 2 ��1; 1�. The mass matrix depends linearly on the mass m, the
static momentmx, and the mass moment of inertia J�mx2 and can
therefore be written in the form

M��� �M0 � �̂JM1 � �̂mM2 � �̂xM3

� �̂m�̂xM4 � �̂
2
xM5 � �̂m�̂

2
xM6 (3)

where �̂i �wi�i,M0 is the nominal mass matrix andM1–M6 is a set
of perturbation matrices. Expression (3) was derived by evaluating
the consistent mass matrix in NASTRAN for a set of different
parameter values (m, J, and x) and solving a linear system of
equations for the perturbation matricesM1–M6. The nominal modal
basis was used for projection of the computed mass matrices to the
modal subspace. The influence of mode-shape variations due to the
varying mass properties is thus neglected, which is a good
approximation as long as the variations are small [15].

IV. Robust Eigenvalue Analysis

Using the uncertain aerodynamic and mass matrices defined in
Eqs. (1) and (3), respectively, leads to the Laplace-domain equations
of motion:

F�p; ���� �M���p2 � �L=V�2K0 � ��L2=2�Q�ik; ����� 0 (4)

where K0 is the nominal stiffness matrix, L is the aerodynamic
reference length, V is the airspeed, � is the air density, � is the vector
of modal displacements, and p� g� ik is the nondimensional
Laplace variable with damping g and reduced frequency k.

Equation (4) is an uncertain eigenvalue problem that depends on the
unknown but bounded uncertainty parameters �k in the vector � 2 D,
where the set

D� f�: j�kj � 1 and �k real or complexg (5)

The eigenvalues of the uncertain problem are defined as the values of
p making the flutter matrix F�p; �� singular for some � 2 D.
Consequently, p is an eigenvalue if det�F�p; ��� � 0 for some � 2 D.
Clearly, if all eigenvalues of the uncertain problem have a negative
real part, g < 0, the system is robustly stable subject to the
uncertainty (no � 2 D can then destabilize the system).

For �� 0, the problem is reduced to the standard flutter problem
without uncertainty, and each mode is represented by a single
nominal eigenvalue. When uncertainty is introduced, each
eigenvalue expands to a set of feasible eigenvalues in the complex
plane [1]. Consequently, the nominal eigenvalue is always an interior
point of the corresponding eigenvalue set. If the uncertainty
parameters are few, it is (in principle) possible to compute the
eigenvalue sets by performing a systematic sweep of the parameter
space. This means that the eigenvalue problem (4) is solved for a
discretized set of parameter values �j 2 D in order to visualize the
feasible solutions in the complex plane. In this work, the modified
p-k solver described in [6] was used for this purpose. The p-k
solutions can then be compared with the corresponding �-p
solutions.

The�-pmethod exploits structured-singular-value analysis [2] to
investigate if some uncertainty � 2 D can make the flutter
determinant det�F�p; ��� � 0 for a given value of p. If this is true,
then p is an eigenvalue according to the definition above. As
described in [1], the first step is to pose Eq. (4) in an equivalent
feedback form defined by a system matrix P�p� and a block-
structured uncertainty matrix ����. By computing the structured
singular value � of P�p� subject to the block structure of ����, it
can be shown that p is an eigenvalue of the uncertain eigenvalue
problem if

��p� � ��P�p�� 	 1 (6)

Consequently, by evaluating the real-valued scalar function��p� for
a given value of p, it is possible to determine if p is an eigenvalue or
not. This result can be exploited, for example, to compute the
boundary of an eigenvalue set in the complex plane. First, the
nominal eigenvalue is computed using a standard method. By
searching in different directions in the complex plane, it is then
possible to compute the points on the boundary where��p� � 1 and
visualize the result. This approach is used in the present study.

Note that the approach based on p-k analysis described above
quickly becomes infeasible when the number of uncertain
parameters increase, while the approach based on �-p analysis
does not (although a larger number of parameters makes it more

a) b)

Fig. 1 Photograph of wind-tunnel model and illustration of aerodynamic patches in the wing-tip region.
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expensive to compute �). In practice, the criterion (6) must be
evaluated using a computable upper bound for � [11]. This means
that the predicted eigenvalue sets may expand somewhat in the
complex plane, leading to a certain amount of conservatism in
the robust analysis. The quality of the upper bound depends on the
uncertainty description: in particular, if it is purely complex or mixed
real/complex. For this reason, the main objective of the present study
is to investigate what impact a mixed structural/aerodynamic (real/
complex) uncertainty description may have on the quality of the
computed �-p eigenvalue sets.

V. Results

In this work, the required system matrix P�p� and corresponding
block structure of the uncertainty matrix � was derived in a similar
way as described in [16]. In particular, a singular-value
decomposition of the perturbation matrices M1–M6 in Eq. (3) was
performed in order to obtain a minimum-dimension uncertainty
matrix � (reducing the computational cost). Note that the higher-
order terms in Eq. (3) lead to repeated uncertainty blocks in�, which
increases the computational cost compared with a case with only
linear terms. The� solvermussv inMATLABwas used for the�-p

a) b)

c) d)

e) f)

Fig. 2 Eigenvalue sets for the second mode at V � 25 m=s due to various model uncertainties.
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analysis, using the default settings. The MATLAB � solver is very
efficient for medium-sized problems (less than 100 perturbations);
on the other hand, it does not allow for much tuning to enhance the
quality of the computed bounds.

A. Aerodynamic Uncertainty

To allow for a parameter sweep with p-k analysis, the
aerodynamic uncertainty was first limited to patch number 1 in
Fig. 1b. The eigenvalue problem (4)will then depend on one complex
uncertainty parameter �Q. First, a parameter sweep taking only
aerodynamic uncertainty into account was performed by solving
the eigenvalue problem for a set of parameter values �Q � ei’ on the
complex unit circle, where ’ 2 �0; 2��. As shown in Fig. 2a, the
corresponding eigenvalue set for the second mode at the airspeed
V � 25 m=s is almost a perfect circle (the shaded region). Note that
the nominal eigenvalue, located in the center of the graph, is an
interior point of the eigenvalue set.

Here, a so-called g validation [1] of the aerodynamic uncertainty
description was performed, which basically means that the
uncertainty bound is increased until some eigenvalue satisfies
g� gexp, where gexp is the real part of a corresponding experimental
eigenvalue pexp. In the present case, an eigenvalue obtained in wind-
tunnel testing at V � 25 m=s was used for the model validation
(marked in Fig. 2a). Using patch number 1 only, a boundwQ � 0:49
was required to validate the model, which is the same result as
reported in [10]. The result of the model validation can be confirmed
in Fig. 2a, where the shaded region exactly touches a thought line
g� gexp in the complex plane.

Next,�-p analysis was used to compute the boundary of the same
eigenvalue set, represented by the solid boundary in Fig. 2a.Aperfect
match between p-k and �-p analysis is obtained. This result is
expected in this simple case, since � is equal to the spectral radius �
in the case of one complex perturbation [2]. Still, this example
illustrates the influence of the aerodynamic uncertainty, as well as the
principle of g validation, and also forms the basis for the subsequent
p-k parameter sweeps.

B. Restricted Mass Uncertainty

The uncertainty bounds for themass uncertaintywere,more or less
arbitrarily, set to wm �wJ � 0:1 and wx � 0:02. This means that a
10% uncertainty was assumed for the missile mass m and mass
moment of inertia J, respectively, and that a 2% uncertainty was
assumed for the location of the center of mass x. The different
perturbationswere introduced gradually in the analysis. First, a linear
mass perturbation was taken into account by combining the
aerodynamic uncertainty with uncertainty in J only. Ap-k parameter
sweep was performed by combining the mass perturbations �J �
��1;�0:5; 0; 0:5; 1� with a larger number of values of �Q on the

complex unit circle (as described above). As seen in Fig. 2b, five
circular regions (one for each value of �J) appear in the complex
plane. Although a larger number of values of �J could be used,
the shape of the exact eigenvalue set is apparent. In this case, the
perturbation in J mainly affects the frequency of the mode, and the
observed variation in damping is mainly caused by the aerodynamic
uncertainty.

Again, the computed �-p boundary show an excellent agreement
with the p-k solution (shown as the solid boundary in Fig. 2b).
Apparently, the � solver computes a very tight upper bound when
one real parameter is taken into account. This was also true for
perturbations inm and x, respectively, as displayed in Figs. 2c and 2d.
Note that a quadratic term in �x is present in the mass matrix in
Eq. (3), which increases the dimension of the corresponding �
problem somewhat. Still, the agreement in Fig. 2d is remarkable.
Also note that the system is not robustly stable at V � 25 m=s,
subject to the uncertainty in x (and the aerodynamics), since some
eigenvalues in the set have a positive real part.

C. Full Mass Uncertainty

Next, uncertainties in all mass parameters were taken into account
simultaneously, according to the mass matrix in Eq. (3). The
parameter values �J � �m � �x � ��1;�0:5; 0; 0:5; 1� were com-
binedwith a set of values of �Q on the complex unit circle to perform a
sweep of the parameter space. About 104 p-k eigenvalues were
computed to obtain the eigenvalue set in Fig. 2e. Although it is more
crude than the previous ones, it is still possible to discern the shape of
the exact eigenvalue set.

In this case, where one complex and three real perturbations are
taken into account, the quality of the � upper bound is somewhat
deteriorated (see Fig. 2e).While the upper bound as such is still fairly
tight, which is necessary to obtain useful bounds on the aeroelastic
damping, the computed boundary is not smooth. As a result,
optimization-based algorithms for computing the eigenvalues with
minimum or maximum damping, like the one described in [1], will
most likely fail. Consequently, if efficient and reliable robust analysis
should be performed, either a dedicated � solver (that guarantees a
smooth boundary) or some approximate method to extract the
damping bounds must be developed. Nevertheless, the obtained
results are very encouraging, since the �-p eigenvalue sets closely
bound the exact p-k eigenvalue sets.

D. Further Investigations

In addition to the cases accounted for so far, the capability of �-p
analysis to compute the eigenvalue set for a case dominated by mass
uncertainty was also investigated. The aerodynamic uncertainty
bound was reduced to wQ � 0:01 (1% uncertainty in the first patch)
and the resulting eigenvalue set was computed. In this case, the

a) b)

Fig. 3 Different eigenvalue sets for the first mode at V � 32 m=s.
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shaded circular regions from the p-k analysis are so small that they
are not visible in Fig. 2f. However, the �-p boundary is once again
found to be a good approximation of the exact eigenvalue set. This
indicates that is possible to treat cases with only mass/stiffness
uncertainty by introducing a small complex perturbation. This is not
difficult to justify in practice, because some aerodynamic uncertainty
is always present.

Some results for the first mode are also included to support the
usefulness of�-p analysis. In Fig. 3a, the eigenvalue sets for the first
mode at V � 32 m=s are displayed (using the same uncertainty
bounds as for the second mode). This mode is clearly more sensitive
to the aerodynamic uncertainty, which can be the reason for the
smoother boundary of the �-p eigenvalue set. Again, the agreement
between the p-k and�-p solutions is remarkable, including the case
with 1% aerodynamic uncertainty in Fig. 3b.

Finally, a case with a larger number of aerodynamic patches was
treated. As described in [10], a more realistic aerodynamic
uncertainty description is obtained by including the seven patches (1,
3, 4, 9, 12, 17, and 18) in Fig. 1b. These patches were selected
because theywere found to have the largest impact on the damping of
the second (critical) mode. Taking this aerodynamic uncertainty into
account, a model with seven complex and three real perturbations is
obtained. Here, a p-k parameter sweep is virtually impossible, since
about 1015 eigenvalues have to be computed to obtain the same
resolution as in the previous sweeps. However,�-p analysis can still
be applied to compute the eigenvalue sets.

Assuming the same uncertainty bound for all seven patches, a g
validation of the aerodynamic uncertainty model was performed as
described in [1]. A value of wQ � 0:18 was required to validate the
experimental damping, which was also found in [10]. As seen in
Fig. 4a, the result is another circular eigenvalue set that can hardly be
distinguished from the one based on one single patch. Taking the full
mass uncertainty into account, the eigenvalue sets based on one patch
and seven patches, respectively, differ only slightly (see Fig. 4b).
This means that as long as model validation is performed, the
eigenvalue set appears to be quite insensitive to details in the
aerodynamic uncertainty description. This conclusion was also
drawnwith respect to the robustflutter boundaries in a previous study
[10].

As a final remark, a � value for the case with seven aerodynamic
patches and fullmass uncertaintywas typically computed in less than
2 s on a modern personal computer. Thus, despite the larger number
of patches, the computational cost using �-p analysis was still very
modest.

VI. Conclusions

This work has shown that �-p analysis can be used to compute
accurate eigenvalue sets in the complex plane in the presence of

mixed aerodynamic/structural uncertainty in the flutter problem.
Comparison between �-p solutions and exact p-k solutions showed
an excellent agreement, even in cases dominated by structural (real-
valued) uncertainty.However, it was also observed that the numerical
quality of the� upper boundmay be a concern in the development of
tools for reliable and efficient robust flutter analysis. Nevertheless,
the obtained results are very promising and confirm the efficiency
and practical usefulness of �-p analysis.
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